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Essentially Nonoscillatory Euler Solutions on Unstructured
Meshes Using Extrapolation
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Concordia University, Montreal, Quebec H3G 1M8, Canada

An extension of the essentially nonoscillatory formulation via extrapolation on unstructured meshes to systems
of conservation laws is presented. Higher-order accuracy is obtained using a piecewise polynomial reconstruction
of the solution from its cell averages. To avoid spurious oscillations near discontinuities and maintain accuracy
in smooth regions, the reconstruction procedure selects an adaptive stencil for each cell. The reconstruction via
extrapolation allows the selection in one step of all of the cells in the required stencil for a given order. This leads
to important savings in computer time and makes the essentially nonoscillatory schemes on unstructured meshes
suitable for practical applications. The problems encountered when using triangular meshes, as well as possible
ways to overcome them, are discussed. Numerical results and comparison of the ef� ciency against other schemes
are also presented.

Introduction

T HE numerical simulation of transient wavelike phenomena
places speci� c demands on computational algorithms. In ar-

eas such as aeroacoustics, for example, it must not only allow the
propagation of low-amplitude waves but also enable the represen-
tation of discontinuitiespresent in the � ow� eld without generating
numerical noise. The essentially nonoscillatory (ENO) schemes,
developed by Harten et al.1 in one space dimension, are valid can-
didates for such problems because,unlike the total-variationdimin-
ishing (TVD) schemes that revert to � rst order near discontinuities,
they can be formally extended to an arbitrary order of accuracy.

The main idea underlyingthe constructionof ENO schemes is the
use of a reconstructionprocedure that recovers high-order-accurate
approximations to the pointwise values from cell averages. The re-
construction chooses, for each cell of the mesh, a stencil of neigh-
boring cells over which the solution is smoothest in a certain sense
and uses it to build a polynomial that approximates the solution
over that cell. It is this adaptive stencil that enables the higher-
order-accurate � ux computation over smooth � ow regions, while
avoiding the Gibbs phenomenon near discontinuities.

The � rst implementationof theENO conceptfor two-dimensional
scalar equations is also due to Harten.2 For the Euler equations,
Casper and Atkins3 present a two-dimensional� nite volume formu-
lation on structuredquadrilateralgrids.They use a two-dimensional
reconstruction that is built as a tensor product of one-dimensional
ones, a procedure that cannot be extended to unstructured grids.
Early attempts at treating unstructured meshes using cell-centered
control volumes have been made by Harten and Chakravarthy,4 as
well as Vankeirsbilck and Deconinck.5 Although very general and
robust, thesealgorithmsare expensivebecausethe cells in the stencil
are selected one at a time, while testing all possible stencils for the
minimization of solution derivatives. A further step has been taken
by Abgrall,6 ;7 who presents an implementation of an ENO scheme
using node-centeredcontrol volumes and who also gives boundson
the reconstructionerror. To remain ef� cient, his third-orderscheme
limits the number of potential stencils that have to be tested.6;7

A recent interpretation of the reconstruction procedure on uni-
form grids as being based on extrapolation, introduced by Suresh
and Jorgenson,8 offers new perspectivesfor the ENO reconstruction
on unstructured meshes. In this method, given the stencil already
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chosen for a certain order r of accuracy,all of the cells in the stencil
for order r C 1 can be selected at once. Results for the reconstruc-
tion of a piecewisesmooth functiongiven by Suresh and Jorgenson8

show that the cost of the reconstruction algorithm is substantially
reduced.Thus, this method seems to be a good choice for the design
of ENO schemes for the Euler equations on unstructuredmeshes.

The following section presents the numerical formulation of a
higher-orderENO scheme using cell-centered control volumes for
the Euler equations.The reconstructionvia an extrapolationproce-
dure is then described. Numerical results using the present scheme
are then given, and our conclusions end the paper.

Finite Volume Formulation
The two-dimensional system of unsteady Euler equations can be

written in conservation form as
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subject to given initial conditions
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and with speci� ed boundary conditionson @D, the boundary of D.
The state vector w and the � ux vector components f and g are given
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where ½ is the density, u and v are the two components of the
velocity, E is the speci� c total energy, and p is the pressure. The
equation of state

p D ½.° ¡ 1/[E ¡ .u2 C v2/=2] .4/

where ° is the ratio of the speci� c heats, relates the pressure to the
other variables and closes the system.

To obtain weak solutions to Eq. (1), the computationaldomain D
is dividedinto cells Ci that do not changewith time, and the equation
is integrated over each cell to give

@ Nwi

@ t
D ¡ 1

Ai @Ci

Fn[w.x; y; t/] ds .5/

where Ai is the area of Ci , Fn D fnx C gny is the projection of the
� ux on the normal to the cell boundary, and

Nwi D 1

Ai Ci

w.x; y; t/ dA
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is the average of w over the cell Ci . Considering a series of discrete
time levels t1 < t2 ¢ ¢ ¢ < tn ¢ ¢ ¢ and denoting Nwi .tn/ by Nwn

i , we write
Eq. (5) to de� ne a semidiscrete formulation in operator form:

@ Nwn
i

@t
D .Lw.t//i .6/

where .Lw.t// involves only spatial operations. Using the method
of lines, we consider that along each t D const line the right-hand
side in Eq. (6) is constant; thus, it becomes an ordinary differential
equation that can be integrated by appropriate numerical methods.
Particularly attractive for the purpose of this study are the TVD
Runge–Kutta methods devised by Shu and Osher.9 The methods
have the property that the discrete temporal operator does not in-
crease the total variation of the solution, and they have been used to
obtain all of the numerical results that follow. These methods can
be written in the form

Nw.l/
i D

l ¡ 1

m D 0

®lm Nw.m/

i C ¯lm 1t.Lwm /i ; l D 1; 2; : : : ; p

(7)
Nw.0/

i D Nwn
i ; Nw.p/

i D Nwn C 1
i

where the values of the coef� cients ® and ¯ and the integer p deter-
mine the TVD properties and the order of accuracy of the method.

Thus, having chosen a time integration method (7) that achieves
the desired accuracy in time, we turn our attention to the spatial
discretization. To obtain an approximation of the exact operator
.Lw.t//, let it be written as

¡ 1

Ai @Ci

Fn [w.x; y; t/] ds D ¡ 1

Ai k @Ck
i

Fn [w.x; y; t/] ds

(8)

where the integral has been broken up into a sum over the edges @Ck
i

of the cell Ci . On each edge, the integral can be approximated to a
desired order of accuracy r using a Gauss quadrature

@Ck
i

Fn [w.x; y; t/] ds D
G

g D 1

Wg
QFn [w.xg ; yg; t/] .9/

where Wg are the Gauss weights,with the number G of Gauss points
chosen to achieve the desired accuracy, i.e., G D 1 for r D 1 and 2
and G D 2 for r D 3 and 4. In Eq. (9), the numerical approximation
to the � ux QFn , which is de� ned as follows, has been introduced.
Because the data represent averages of the state vector over the
cells of the mesh, Nwn

i , we need pointwise values on the edges that
approximate w.xg; yg ; tn/ to order r . We will use for this purpose
the reconstruction polynomial representation of w over the cell Ci ,
denoted by Ri [w.¢/; r]. The way this polynomial is obtained is de-
scribed in the next section.Let C¤ be the cell that has @Ck

i in common
with Ci . The � ux is computed as

QFn [w.xg ; yg; t/] D QF n
R fRi [w.xg; yg ; t/; r]; R¤[w.xg; yg ; t/; r]g

(10)

where QF n
R is a properly chosen Riemann solver.

As an alternativeto this approximation,one can perform the inte-
gration of the reconstructedstate vector for the two elements neigh-
boring an edge and solve only one Riemann problem per edge using
the average w values thus obtained. The cost of the Riemann solu-
tion being very low compared with that of the reconstruction, the
advantage of this approach is, however, minimal.

ENO Reconstruction
Scalar Reconstruction

Let thecoordinatesof the centroidof cell Ci forwhich we want the
reconstruction R.¢/ at time tn be denoted by .x0; y0/, and suppose
that the function to be approximated is a scalar function. The ex-
tension to vector functions will be presented later. For an r th-order-
of-accuracyscheme, the approximationpolynomial is sought in the
vector space Pm[X; Y ] of polynomials of total degree m D r ¡ 1:

Ri [w.¢/; r] D P.X; Y / D
m

l D 0 j C k D l

a jk X j Y k .11/

It is obvious that, if one choosesas the basis of Pm monomialsof the
form f.x ¡ x0/

j .y ¡ y0/
k g, the coef� cients a jk will be approxima-

tions to the derivatives of w at the centroid of the cell, scaled by the
correspondingfactor. Because the dimension of Pm is M D .m C 1/
.m C 2/=2, we need a stencil of M cells with indices Sm

q ; q D 1;
2; : : : ; M , to build the interpolationpolynomial. Requiring, to pre-
serve conservation,that cell Ci be in the stencil and that the approx-
imation polynomial preserve the average value of w over the stencil
cells leads to the linear system

m

l D 0 j C k D l

a jk hX j Y kiSm
q D Nwn

Sm
q

.12/

where

hX j Y k iSm
q D

1

ASm
q CSm

q

X j Y k dA .13/

The stencil will be called admissible if the associated matrix is
nonsingular.In that case the solutionof the preceding system yields
the coef� cients and, hence, the required polynomial.

We turn now to the selection of the cells in the stencil. For a � rst-
order approximation (m D 0), the stencil will be the cell for which
we perform the reconstruction itself, S0 D fig. For higher-order ap-
proximations, we build the stencils successively. We start from a
stencil for a degree m polynomial Sm and a computed reconstruc-
tion obtained by solving (12) in the form

Ri [w.¢/; m C 1] D
m

l D 0 j C k D l

a j k
m X j Y k .14/

Let the set of cells that have one edge in common with at least one
cell in Sm

q and do not belong to this stencil be denoted by Pm . (We
will call this set the potential stencil.) For each cell p 2 Pm , the
difference between the average value of w and the average value of
the reconstructionpolynomial extrapolated to cell p is given by

Dp D Nwp ¡ 1

A p C p

Ri [w.¢/; m C 1] dA .15/

Denoting h to be a convenient measure of the mesh size, Dp will
be of order O.hr C 1/ if the cell p and all of the cells in the stencil
Sm lie in a smooth region. Otherwise, this differencewill be O.h1/.
To select the smoothest stencil,we compute Dp for all cells p 2 Pm

and add the m C 3 cells that have the smallest value to the stencil
Sm to obtain the stencil Sm C 1 . If this is not an admissible stencil,
then the next best stencil is selected.

State Vector Reconstruction
An extension of the described procedure to the state vector w of

the Euler equations can be made by performing the reconstruction
componentwise.In this approach,a stencil is selected for each of the
four components of the state vector. An even faster method would
be to select only one stencil for all of the components, based on
one of the components, i.e., the density, or a derived variable, i.e.,
the Mach number. However, one has to consider that the pressure is
not among the conserved variables. Recovery of the pressure � eld
from polynomial approximationsof the state vector can easily lead
to nonphysical results because the pressure is a nonlinear function
of the componentsand the pointwisevalues of the four components
of the state vector do not obey the conservation law as do the cell
averages. This remark has been made by Harten et al.1 and Harten
and Chakravarthy.4

A possible solution is to base the reconstruction on another set
of variables that are smoother than the conserved ones. Such a set
can be either the vector of primitive variablesU D f½; u; v; pgT or a
convenientlyde� ned set of characteristicvariables. In the � rst case,
the pressure is among the reconstructed variables, and because in
two-dimensional� ows the second option supposesan ad hoc choice
of the directionof wave propagation,it is the method we used in this
study. For r · 2, the average values for U can be directly obtained
from the averagevaluesofw, which is not true forordersof accuracy
r ¸ 3. The computation of cell averages for the components of U
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can in this case be done by a local transformation (see Ref. 1 for a
one-dimensionalexample). To reconstructw in cell Ci , we consider
the locally de� ned transformation

w D T Nwn
i U; U D T ¡1 Nwn

i w .16/

where the matrix T is the Jacobian matrix

T D @w
@U

D

&

66666$

1 0 0 0

u ½ 0 0

v 0 ½ 0

u2 C v2

2
½u ½v

1
° ¡ 1

’

77777% .17/

Because the transformation is linear, we have that

NUn
i D T ¡1 Nwn

i Nwn
i .18/

The componentwise reconstruction is applied to the values NUn
i de-

� ned by Eq. (18), and the inverse transformationis used to compute
the polynomial coef� cients for the conservativevariables.

Implementation Issues
Because the number of neighbors that belong to the potential

stencil Pm is not large enough for m D 0 (there are only three edge
neighbors for regular interior cells, and one needs to select two new
cells in Sm C 1), the method just described has to be modi� ed in
this case. To allow for a larger choice, the two cells in Sm C 1 are
selected one at a time, and after each selection the potential stencil
Pm is increased with the neighbors of the selected cell. Thus, the
algorithmbecomes identicalwith the Harten and Chakravarthy4 one
for second-order accuracy.

A main problem of the method is related to the conditionnumber
of the matrix associated with the linear system (12). Even for very
isotropicmeshes, there usually exist some selected stencils that, due
to their spatial arrangement, lead to degenerate reconstructions.For
these stencils, the condition number of the matrix is several orders
of magnitudehigher than for the ordinary stencils.Furthermore, the
ratio cannot be changedby scaling or by the use of other basis func-
tionsor coordinatesystems, althoughthe magnitudeof thecondition
number itself changes. To avoid the degenerate reconstructionsob-
tained in such a case, we used the fact that the coef� cients of the
polynomialbecome very large and highly oscillatoryin such a case.
An oscillation norm, following Suresh and Jorgenson,8 is set up as

Om D
1

.m C 1/.m C 2/=2

m

l D 1 j C k D l

ja j k j .19/

and the reconstructionwas stopped when it increased with m. This
is, however, a possible source for loss of accuracy. A more recent
solution to this problem, using a generalizationof the Newton form
of the Lagrange interpolation polynomial to multiple dimensions,
based on Mühlbach expansions, has been introduced by Abgrall
et al.10

Numerical Results
The precedingnumericalschemehasbeen implementedin a com-

puter code that offers the possibility to use spatial approximations
of order r D 1–4. The Riemann solver used for all of the simula-
tions was the exact solver of Godunov,11 although other options are
available.The orderof the temporal approximationhas been chosen
accordingly,except for the fourth-orderscheme, for which the same
third-order time marching scheme as for r D 3 has been used. The
time step has been computed as

1t D C ¢ min
i

Ai

k @Ck
i

.vn C a/ ds .20/

where vn is the normal velocity, a is the sound speed, and the value
of the constant C is given by the stability limit of the Runge–Kutta
scheme.The codeusesa dualdatastructure(basedon both edgesand
cells) and could thus be fully parallelized. (The � ux computation
is done using the edge and the reconstruction using the cell data
structure.) This section presents the results obtained for a series of
test cases that are well documented in the literature.

Double Mach Re� ection
The � rst problem is the re� ection of a shock wave (M D 5:5 in

this case) from a 30-deg ramp. This gives rise to a self-similar so-
lution that has been widely studied analytically and numerically
(see Ref. 12 and references therein). In general, a very � ne mesh is
used to obtain a correct solution. A partial view of the mesh used
in this case is shown in Fig. 1a; the full mesh has 7075 nodes and
13,825 cells. The shock is positioned 0.1 length units before the
wedge at t D 0. Density contours obtained at t D 0:18 are given
in Figs. 1b–1d. Figures 2 and 3 show shock diffraction and the
forward-facing step, respectively. For comparison with Fig. 1, we
also present results obtained with the method originally developed
by Harten and Chakravarthy,4 using a third-order approximation
(Fig. 4). Figure 4 also shows the advantage of using the primitive

a) Partial view of the mesh

b) Density contours, � rst order

c) Density contours, third order

d)Density contours, fourthorder

Fig. 1 Double Mach re� ection.

Partial view of the mesh

Density contours, � rst order

Density contours, third order

Density contours, fourth order

Fig. 2 Shock diffraction.
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Partial view of the mesh

Density contours, � rst order

Density contours, second order

Density contours, third order

Fig. 3 Forward-facing step.

Reconstruction in conservative
variables

Reconstruction in primitive
variables

Fig. 4 Double Mach re� ection: results obtained by the third-order
Harten–Chakravarthy4 method.

variables for the reconstruction procedure, the discontinuity ema-
nating from the triple point being better resolved in that case.

Shock Diffraction
This problem represents the diffractionof a M D 5:5 shock wave

around a 90-deg corner. The computational domain has a length of
1.1 on the x axis; the computation is initialized with the shock at
x D 0:1. The state at the right of the shock is the undisturbed � ow
state (½ D 1:4, p D 1:0, and u D v D 0), whereas the left-handstate is
the postshock state. Density contours at time t D 0:14 are displayed
in Fig. 2, along with a partial view of the mesh.

Mach 3 Flow over a Forward-Facing Step
This is another test case used to test the accuracy of higher-order

methods (for a complete description, see Ref. 12). Although the
steady state (reached at t D 12) is not particularly interesting, the
shock structureat earlier times is very complex. The results (Fig. 3)
show this structure at t D 4, obtained on a rather coarse mesh (2698
nodes and 5158 elements). No special treatment has been applied at
the corner of the step. It can be noticed that the positionof the Mach
stem on the upper wall and its length are more correctly computed
by the third-order method. Also, the spurious Mach re� ection on
the lower wall is much less pronounced.However, the resolution of
the contact discontinuity that propagates downstream of the upper
wall Mach stem does not improve substantially through the use of
the third-order approximation.Table 1 gives the relative CPU time
of the present method compared with that of the cheapest method
proposedby Harten and Chakravarthy4 in which the valueof the last
derivative is used to compare the stencils. (This avoids solving the

Table 1 Relative CPU times for the forward
step problem

CPU time Order 3 Order 4

Present 100 318.3
Ref. 4 626.7 2956.9

linear system when comparing stencils because only the forward
elimination phase is needed to compute the last derivative.) The
times include reconstruction, � ux computation, and update of the
cell averages. (The actual CPU time needed for one time step of
the third-order present method on one processor of a SGI 4D/300
machine is 98 s.)

As can be seen, the present fourth-order approximation is
even cheaper than a third-order solution using the Harten and
Chakravarthy4 method, the cost of which becomes prohibitive for
fourth and higher orders.

Conclusions
A higher-ordermethodfor theEulerequationshasbeenpresented.

The methodhas thecapabilityto treat generalmesh topologiesand is
shown to be very effectivewhen comparedwith otherENO methods
of the same accuracy.Whereas the issue of unstructuredmesh meth-
ods cannot be considered solved, because of the problems touched
upon herein and because more involved interpolation techniques
must be used, the present method is a step forward toward feasible
higher-orderapproximationson general meshes.

Acknowledgments
The support received from the Natural Sciences and Engineer-

ing Research Council of Canada and the Fonds pour la Formation
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